MATH 210: Introduction to Analysis

Fall 2017-2018, Midterm 2, Duration: 60 min.

SO
Name:____ O K\ On

Exercise | Points | Scores
1 40
2 10
3 15
4 20
5 25
Total 110

INSTRUCTIONS:

(a) Explain your answers precisely and clearly to ensure full credit.

(b) No book. No notes. No calculators.

CHEAT SHEET:

(@) Let (X, d) be a metric space. A function f : X — R is Lipschitz if there exists a constant
C > 0 such that for all z,y € X we have

[f(z) - f)| < Cd(z, y).

(b) Recall that d, is defined on R? as

doo(2,y) = max{|z; — 41, |25 — 1]},
forz = (z1,2;) e R? and y = (y1,2) € R2.

(c) A function f : R — R is onto if for every y € R there is z € R such that Flz)=y.
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(c) Let (X, d) be a metric space. Let K be a nonempty compact subset of X and let z, € X.
Define

d(o, K) = inf{d(z0,9) | y € K}.
H(@ 1. (5 points) Show that the function = — d(zo, =) defined on X is Lipschitz.
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3. (5po e that o K if and only if d(z, K) = 0.
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Exercise 2.

————————(@)(5-points) Let->"a--be-aseriesof ositive terms. Assume that lim
Pot P

(an)» > 1. Use a property
of lim to show that > a, diverges.
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% @3 (b) (5 points) Use the previous question to prove that Z an, with a,, = (2 4+ sin T) r™ diverges
ifr > 1
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Exercise 3.

- - (a) Let_z ar-be-an-absolutely-convergent-series-and-let-f~+R—R-be-a-Lipschitz-functions
i. (5 points) Assume that f(0) = 0. Prove that ) | f(a,,) is absolutely convergent.
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ii. (5 points) Assume that f(0) # 0. Prove or disprove, using an explicit counterexample that
>~ f(ay) is convergent.
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(b) (S points) Find a convergent series ) a,, and a Lipschitz function f : R — R with f(0) = 0
such that ) f(a,) is divergent.
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Exercise 4. Consider the set
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(b) (5 points) Prove or disprove that A is compact.
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Exercise 5.
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(b)Ltf R — R be a continuo f ction such that lim,, o, f(z) = limy_, 400 f(2) = +o00.
(5 po nts)Shwthtth o € R such that f(zq) > 0.
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ii. (5 points) Show that there is R > 0 such that f(z) > f(zo) if |z| > R.
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i. (5 points) Show that there is z; such () f(z)if |z| < R.
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v. (5 points) Deduce that f admits a global minimum, n: namely that there is a point z* such
that f(z) > f(z*) forall z € R.
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